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Abstract

This article studies the inverse problem of recovering a vector field supported in Dg,
the disk of radius R centered at the origin, through a set of generalized broken ray/V-line
transforms, namely longitudinal and transverse V-line transforms. Geometrically, we work
with broken lines that start from the boundary of a disk and break at a fixed angle after
traveling a distance along the diameter. We derive two inversion formulas to recover a vector
field in R? from the knowledge of its longitudinal and transverse V-line transforms over two

different subsets of aforementioned broken lines in R2.
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1 Introduction

The question of recovering a scalar function, a vector field, or, more generally, a tensor field
from its integral transforms of some kind is vital in the field of imaging sciences. Typically, the
integral transforms appearing in the field of integral geometry consist of longitudinal, transverse,
mixed, and momentum ray transforms. These transforms integrate certain weighted projections
of functions (or, more generally, tensor fields) along straight lines or other trajectories in R".

The inverse problem of interest is to study these integral transforms and develop methods to
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reconstruct the unknown tensor field from its integral transforms. In the straight-line case, there
is a vast literature available in various settings with different combinations of these transforms.

In recent years, the problem of recovering a scalar function from its integration over broken
lines or "V"-shaped lines has been studied by many authors. Such integrals over V-lines occur
naturally in the field of optical tomography (for reference, see [11, 12, 13]|), where one uses
light transmitted and scattered through an object to determine the interior features of that
object. Often, one takes the measurements on the boundary of that object to reconstruct the
spatially varying coefficients of light absorption and scattering. Under reasonable assumptions,
it can be assumed that the majority of photons change their flight direction only once inside the
object, which motivates the name broken ray/V-line transform. The mathematical problem of
recovering a scalar function from its V-line transform is highly over-determined because the family
of all V-lines in a plane is four-dimensional, while our unknown function depends only on two
variables. Therefore, it is natural to expect that we can reconstruct the unknown function from
a two-dimensional subset of V-line transform data. In literature, two classes of V-line transforms
have been studied. The first class consists of V-lines with vertices on the boundary of the image
domain (see [17, 18, 21] and the references therein) and has applications in image reconstruction
problems using Compton cameras. The second class includes V-lines with vertices inside the
support of the scalar function, and these appear in the field of single scattering tomography
(SST) mentioned above, please see [20]. The articles [1, 14, 9] study inversion and numerical
implementation for V-line transform of scalar functions in a circular geometry (as considered in
this article). A different approach is considered in [16, 22| to invert broken ray transform over
scalar functions. In [4], the authors examined various properties of the V-line transform (VLT)
and the canonical Radon transform (CRT), deriving new explicit inversion formulas for the VLT
in R? and for the CRT in R™. In [5, 23], the authors addressed the inverse problem related to
a more general transform known as the star transform and analyzed the numerical stability of
the proposed inversion algorithm. For a detailed discussion on these generalized operators and
literature survey, please refer to a recent book by Ambartsoumian [2].

This article focuses on a generalization of the V-line transform defined for vector fields in R2.
The V-line transforms for vector fields and symmetric 2-tensor fields in R? have been studied in
recent works [3, 6, 7|. These works extended the notions of straight-line longitudinal, transverse,
and momentum ray transforms of vector fields and symmetric 2-tensor fields to those integrating
along V-lines. The authors of these articles derived several exact inversion formulas to recover a

vector field and symmetric 2-tensor field from certain combinations of the transforms mentioned



above. In addition to the V-line transform the article [6] also extended the notion of the star
transform from functions to vector fields in R?, and an inversion formula was also derived for
this extended operator. Motivated by these works, we considered a similar problem of recovering
a vector field in R? in a different geometric setting. We used the setup introduced in [1, 8] for
the scalar case, where the collimated (directionally focused) emitters and receivers are located
on the boundary of a disk. Our results can be considered an extension of [1, 8| in the vector
field setting. Note that the problem considered here is different from the one addressed in |3, 6].
The directions of incidence and scattering are fixed throughout in [3, 6], which is not true in our
setup.

The article is organized as follows: In Section 2, we introduce the necessary notations and
definitions of the integral transforms. Section 3 is devoted to stating the main results of the article
and some discussion about them. The proofs of the main theorems are presented in Sections 4

and 5. Finally, we conclude the article with conclusions and future directions in section 6.

2 Definition and notations

This starting section is devoted to introducing notations and definitions used throughout this
article. The regular fonts are used to represent scalars or scalar-valued functions (such as x1, z2,
f, g, etc), and the bold fonts are used to represent vectors or vector fields in R? (such as f, z,
v, etc).

The disc of radius R centered at the origin is represented by Dg, and its boundary is denoted
as ODg. Let C§°(S1(DR)) be the spaces of vector fields with components in C§°(Dg), the space
of smooth functions with compact support in Dr. The well-known differential operators, such
as the gradient of a scalar function ¢(x,y), the divergence and the curl operators of vector fields
f :=(f1, f2) are defined as follows:

e The gradient and orthogonal gradient operators d,d* : C{°(Dg) — Cg° (S'(Dg)) are

defined as follows:
dp  Op L dp Oy
dp:= [ 2£ 92 d dtpi= (-2, =2,
v (a$17 8$2> a $ 61’2’ 6951

e The divergence and the orthogonal divergence operators 6,5+ : Cg° (SY(Dg)) — C5° (Dg)
are defined as follows:
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The operator 6+ is sometimes known as the 2-dimensional curl of vector fields.

Let f be a vector field supported in the disk D and 6 € (0,7/2) be a fixed angle. Following
[1], we denote by BR(3,d) the broken ray that starts from the point zg = (Rcos 3, Rsinf3)
on 0Dg and moves the distance d in the radial direction ug = —(cos 3,sin 3), then breaks into
another ray under the obtuse angle 7—6 and travels in the direction vg = — (cos(6 + f3),sin(6 + 3))
(see Figure 1a). More specifically, the broken ray BR(/3,d) is defined as follows:

BR(B,d) ={zxg+tug:0<t<d}U{xg+dug+svg:0<s<oo}. (1)

Note that the unit vectors ug and vg are fixed and uniquely defined for a given (3, d), which are

used in the upcoming definitions.
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Figure 1: (a) A sketch of broken/V-line BR(/3,d) & (b) Broken lines considered to collect data.

Definition 2.1. Let f be a vector field with components f; € C5°(Dg) for ¢ = 1,2. The
longitudinal V-line transform of f is defined by

d 00
CF(B,d) = /uﬁ-f(mﬁ+suﬁ)ds+/ vs-f(zgtdustsvs)ds, B e [0,27)and d € [0,2R]. (2)
0 0



Definition 2.2. Let f be a vector field with components f; € C5°(Dg) for ¢ = 1,2. The
transverse V-line transform of f is defined by

o0

d
Tf(B,d) = /ué‘f(azg—i—su[g) ds+/vé -f(zg+dug+svg)ds, S €]0,2r) and d € [0,2R].
0

i 3)

For ug = —(cos 3, sin ), we use the notation u = (sin 5, — cos ).
B

Next, we define the straight-line version of these two transforms, which will be used later in the
article. For given ¢ € [0,27) and p € R, let L(¢,p) := {(z1,22) : ©1 cos + x2siny) = p} be the
line at a signed distance p from the origin and normal to the unit vector w = (cos),sin ), and

wt = (—sin, cos 1) is a unit vector in R2.

Definition 2.3. Let f be a vector field with components f; € C5°(Dg) for ¢ = 1,2. The
longitudinal ray transform of f is defined by

Zf(¥,p) =1f (w,p) := / wh - f(pw +swh)ds, 1 €0,2r) and p € R. (4)
R

Definition 2.4. Let f be a vector field with components f; € C5°(Dg) for ¢ = 1,2. The

transverse ray transform of f is defined by

Jf,p) =T f(w,p) ::/w'f(pw—l—swL)ds, Y €10,27) and p € R. (5)

R

Remark 2.5. The following identities are easy to verify:
Tf=—-LfY and Jf=-If"

Finally, we also need the Radon transform and its inversion at a later stage, which we present

now:

Definition 2.6. Let f be a scalar function field in C§°(Dg). The Radon transform of f is

defined as follows
Rf(,p) =Rf(w,p) = /Rf(pw +swh)ds, 1 €[0,27) and p € R. (6)

It is well-known that f can be uniquely recovered from the knowledge of its Radon transform
with the following explicit formula, see [15]:
1 2

f(m):g(—A)lﬂ i Rf((cos o, sin ), x cos o + ysin a)dav. (7)



3 Main results

In this section, we present the main findings of this article. Both theorems presented here
provide a method for reconstructing a vector field f, using the information of its longitudinal
V-line transform and transverse V-line transform. These reconstruction methods are described
in the proofs of the corresponding theorems; see equation (11) (which gives componentwise
Radon transform of the unknown vector fields f) and equations (25), (26) (which provide explicit

formulas for Fourier coefficients of the components of f).

Theorem 3.1. Let f be a vector field with components in CSO(RQ) which are supported in
Dgsing. Then f is uniquely determined from the knowledge of its £f(5,d) and Tf(8,d), for
d € [0,2R] and B € [0, 2m).

Note that in this theorem, there is a restriction on the support of f, which depends on the
fixed scattering angle 6. This support condition is coming due to the technique we are using
to prove this theorem. This theorem is proved by generating the straight-line transforms by
combining the given V-line transform data in a particular way. It is clear from Figure 1b that
straight-line transform can not be generated for lines outside the disk of radius Rsin6. This
technique was introduced by Ambartsoumian [1], where he considered the same problem for the

scalar functions.

Theorem 3.2. Let f € C5°(S1(Dg)). Then f is uniquely recovered from Lf(3,d) and Tf(83,d)
which are known for d € [0, R] and 3 € [0, 27).

This theorem is more general in the sense that there is no restriction on the support of f, and we
are using less data here in the sense that the scalar d is varying in the half interval [0, R] instead
on [0,2R]. Ambartsoumian and Moon have studied the same problem for the scalar field case
in [8]. The idea behind this theorem is to expand the data (L£f & Tf) and the unknown vector
field f into their Fourier series and then try to express the Fourier coefficients of f in terms of
Fourier coefficients of Lf and Tf.

4 Proof of Theorem 3.1

In this section, we prove that the knowledge of longitudinal and transverse V-line transform

uniquely determines the unknown vector field f.



Proof. As discussed previously, we extend f by zero outside Dggng and denote the extended
vector field again by f. Since f is zero outside of the disc Dr. We start by noting that if we
consider d = 2R, then

Lf(B,2R) =Zf(B+7/2,0). (8)

Let us consider

(e}

d
Lf(5,d) :/u5-f(m5+su5)ds+/'v/g-f(x5+du5+svg)ds,
0 0

N~ N~

Il 12

and
2R—d

Lf(B+m2R—d) = / gt f(Tpin + SUBLA) ds
0

J1
oo

+/v5+,r-f(w5+7r+(2R—d)u5+w+sv5+ﬂ)ds.
0

Jo
Let us first simplify the term Jj.
2R—d
J1 = / ULt r 'f(ilingﬂ + SUngTr) ds

0
2R—d

= / Ustr - f(Zpsn +2RUB r — 2RUBLr + SUBL7) dS
0
2R—d
= / UB+r f(wg + (s — 2R)u5+,r) ds, since Tgir + 2Rug r = xg

0
—d

= / gy - f(xp + sugiq)ds
2R
—d
- / ug - f(xg —sug)ds, since ug,r = —ug
2R



2R

= _/uﬁ -f(zg + sug)ds.

d
Then, we have
d 2R 2R
L —J = /u5 -fzp +3u5)d3+/u5 -f(xg+ sug)ds = /u5 -f(xg+ sug)ds
0 d 0

=If(B+m/2,0)=Lf(B,2R).
Repeating a similar calculation, we have the following identity:
In—Jo =1f (g, tq), withyg=p+60+7/2 and ty= (R —d)sin(7 +6).
Using these above relations, we get the following relation:

Lf(B,d) = LF(B+m,2R —d) = Zf (6 +7/2,0) + Zf (¥, ta)

The above relation implies

Zf Vs, ta) = LF (B, d) = LF(B+ 7, 2R — d) — Lf (B, 2R). (9)

Following a similar line of arguments, we get an analogous relation for transverse ray transform,

which is given as follows:

Tf(p,ta) = TF(B,d) = Tf(B+m 2R —d) = Tf(B,2R). (10)

Please note that the right-hand side of the above relations (9), (10) is completely known in terms
of given data. The left-hand sides are the longitudinal /transverse ray transform of f along the
line defined by the parameter (1g,t4). Therefore, by varying the parameter (ig,tq), we get
the longitudinal /transverse ray transform of f along every line passing through Dpgg,g. Once
we know both longitudinal and transverse ray transforms of f, we can recover f explicitly as
presented in |10, Section 3.2]. For the sake of completeness, we briefly discuss the steps here.
As discussed above, we know the longitudinal /transverse ray transform of f and start by

rewriting this data using the definitions of respective transform as follows:

Tf (s, ta) = —sintpg Rf1(¢s,tq) + costpg Rfa(s,tq)



TF (g, ta) = cospg Rf1(¥p, ta) +sing Rfa(s, ta).
By solving this system of equations, we have

Rf1(Yp,ta) = —sinyg Tf (g, ta) + cosvs Tf (Vs ta)

(11)
Rf2(Ys,ta) = costbg Lf (Y, ta) +sinthg Tf (¥s,ta)-

Hence, we get the componentwise Radon transform f = (f1, f2) and therefore, by applying the

inversion formula (7), we obtain the f explicitly, which completes the proof of the theorem. [

5 Proof of the Theorem 3.2

We begin this section with a quick introduction to Mellin transform and some of its properties.

Definition 5.1 ([19]). Let f be an integrable function that decays at infinity. Then the Mellin
transform for f is denoted by M f and is defined by

[e.e]

Mf(s):= /ps_lf(p) dp

0

Here are some basic properties of the Mellin transform, which are crucial in proving our
Theorem 3.2. Let f be an integrable function that decays at infinity, and then the following
identities hold:

L M) (5) = M (s +R)

Mf(s+1)

S

2. M 7f(a:)dx (s) =



(Rcos B, RsinfB)

BRB, 1) ¢

BR(0,1)
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Figure 2: (a) A sketch of modified parametrization of the broken line B(f3,t) with t = R —d and
(b) Here B(0,t) is the broken line obtained by rotating B(/3,t) clockwise by an angle .

To simplify the notations and upcoming calculations, we slightly change the parametrization
of broken lines. Recall that the broken rays are defined using two parameters 5 € [0,7) and
d € [0, R], where d is the distance traveled (along the diameter) by the ray before scattering. In
this section, we change the parameter d with a new parameter t = R — d; that is, from here on,
the broken rays are parameterized by the ordered pair (3,t), see Figure 2a.

Now, let us denote p(8, £) = LF(8,1), a(8,1) := TF(8,£) and let £ (6, ) := (f1(6,7), fol,7))
be the unknown vector field in polar coordinates. Then the Fourier series of fi(¢,7), fa(o,r),

q(B,t), and p(B,t) concerning their angular variables with Fourier coefficients can be expressed

as follows:
0o 1 27
Ao = Y ane, with an(r) = o= [ f(6.re " do (12)
0o 1 027r
falom) = 3 b, with b, = 5 [ fa(o.r)e 0 ds (13)
n=-—o0o 0

10



0o 2

PG = 3 pa()e™,  with pa(t) = o / p(B,t)e™"7 dp (14)
. o

060 = Y wem withau(®) = 5 [ (6.0 ds. (15)
n=-—o0o0 0

Recall our aim is to recover f from the knowledge of Lf and Tf. The idea here is to express
Fourier coefficients a,, and b,, in terms of Fourier coefficients p,, and ¢,,. To achieve this, we first
prove the Mellin transform a,, and b,, can be explicitly expressed in terms of the Mellin transform

of p, and ¢,. Finally, a,, and b, are recovered by inverting the Mellin transform.

Theorem 5.2. For n € Z, let a,, and b,, be the Fourier coefficients (defined in (12) and (13)) of
components of a vector field f = (f1, f2) € C§° (Sl(ID)R)). Then, we have

“M (p,, ) (5= 1)+ M (@) — Gon) (5 — 1
Ma (s) = (Pent1) + 1)) (s = 1) +iM (qny1) = 4n1)) (s ), Re(s) > 1

2 [%1 + Mhn(s — 1)}

and

Mb,(s) =

where h,, is defined as follows

o 1+t cos[i)(t)]+t2 sin [ (t)] ——220
0 t 1—t2 sin2(6) .
(—1)"él e (t) e 0<t<1
2 i sin 6
(—1)"ei96inw(t) Lt coslp (O] 7 sin (1) V1-t2sin2(6)
hn(t) = 1+t2+2tc02$ ['w(t)] -
i inf20- (1) 1—t cos[20—1)(t)]+t% sin [2(9—¢(15)]Wm2(m L <ie
/1412 =2t cos [20—(1)] sin 0
. 1
\O it > sin 6

with 1(t) = sin™! (¢sin ) + 6.

Proof. We start our analysis by first establishing relations between these Fourier coeflicients a,,,
b, Pn, and ¢, which will be later used in Theorem 5.2. Let ©(f,t) be the unit vector field
along the Broken-ray BR(f3,t). More specifically, we have O(3,t) = ug = —(cos 3, sin ) for the
branch from the boundary 0Dg and O(5,t) = vg = —(cos(f + 3),sin(f + §)). Consider

p(B,t) = Lf(B,1)

11



= / f(o,r)-Ods
BR(B,t)

/ f(o+B,7r) Ods

BR(0,t)

/ s, cosﬂ,—sinﬁ)dr—{—/f(cb—l—ﬁ,r)-(—cos(ﬁ—l—@),—sin(ﬁ—l—@))ds
I

- Z /(an(r)abn(r)) : (— COSB,—SinB)emﬁ dr

n=-00Y
+ Z / (an(r), bn(’l“)) . (— CcoS (5 + 0)7 —sin (B + 0))ein(¢+5) dS,
n=-—c0"

where in the fourth equality, we use the fact the first integral is along x-axis (hence ¢ = 0 and

area element is dr), and the second integral is along the other section of B(0,t) (see figure (2a)).
eie 4 e—i@ ei@ _ 6—1'0

Now, using cos ) = I — and sinf = — in the above expression of p(f,t), we have
i
w R
—2p(B,1) Z /{an %6 + efw) — b (1) (eiﬂ — e*w)}emﬂ dr
n=—00%
+ 3 / {anlr) (440 + e B+0) it () (4040 _ mita+0) | cinto) g
n=—00"7

o0

-2 / {(an-1(r) = ibn-1(r)) + (an41(r) + ibny1(r))} €7 dr

n=—00%

12



o0

Now comparing the above relation with the p(j3,t) = Z pn(t)emﬁ we get

n=—oo

R
() / {(@n1(r) = ibp_1 (7)) + (ans1(r) + ibns1 ()} dr

v / {(an,l(r)—ibn,l(r))eim—ﬂu(anﬂ(r)+ibn+1(r))ei<"+1>¢}ei9 ds.  (16)

I

Also
W60 =TFE) = —LF 60 =~ [ fren eis=—- [ frorsn-ed
BR(B,t) BR(0,t)
0o R
= Z / —cos 3, —sin 3)e™™ dr
n=—oc"
+ Z /  —an(r)) - (—cos (B + 0), —sin (8 + 0))e™ ) ds
n=—00
00 R
B0 = 3 [ {lar) + a0 (1)) + (ba () = i (1))} e dr
n=-—00"%
+ Z / bp1(r) + ian_1(r) €™V L (b1 (r) — ians1(r)) ei(”+1)¢} eem? .
n=—00 "

(17)

Again comparing the above expression with the Fourier series of ¢(f,t), we get
2, / (s (1) + i1 (1) + (b () — 1 (1)) dr

+ / {(bn_l(r) +ian_1(r)) €Y 4 (b1 (1) — iy 41 (7)) ei<"+1>¢} e?ds.  (18)
1
Multiply equation (18) with ¢ and add it to equation (16) to obtain

R
~ (pult) + iga(t)) = / (anss (r) + i (1) dr + / (ans1 () + by (1) €009 ds - (19)

t I

13



Now we multiply equation (18) with 7 and subtract from equation (16) to get

R
— (pn(t) — ign(t / an_1(r) — ibp_1(r)) dr + / (an1(r) — ibp_1(r)) %7 ds. (20)

I

Equations (19) and (20) can be further rewritten in the following form:

R
(P ® + 1) (®) = [ (@) b)) dr+ [ (anr) + i) 00 ds - (21)
t 1
and
R
- (p(n+1)(t) —iq(ny1)(t / an(r) — iby(r)) dr + / (an(r) — iby (1)) €€ ds. (22)
t 1

Further simplification of the above two equations gives

— Py () + Pn=1) () + 7 (quns1) () = Gn—1y (1))
2

ap(r) dr + /an(r)ei”‘z’ew ds  (23)

I

(P(1) () = D=1y (t)) — i (G(nr1) (E) + Gn—1)
21

by (r dr—i—/bn(r)emd)ew ds. (24)

To further simplify (23) and (24), we divide the line segment I in two parts I; and Iz, with
I = {(z,y) :y = (x —t)tanh, tsin?0 <z <t}and I := {(2,9) : y = (x — t)tanh, — oo <
x < tsin? 0} (see Figure 2b). The polar angles made by a point (z,y) € I is given by

MT:{ —(t/r). (wy) €l
(), (wy) el

where v(t) = sin~! (¢sin §) +60. The length measures ds on [ is given by (please refer [8, Theorem
2] for details)

r—tcosqb+trd sde

ds =
/12 + 12 — 2rtcos ¢

14



Hence we have

Pt cos[20— (£ 5 sin [20—p( )] 2l
1*% sin2 0
/P2 H2=2tr cos [20— ()]
r—t coslm-tap(£)]~ 2 sin ()] 2L

/ 2
1— 12 ¢in29¢
5 sin

\/r2 +12—2tr cos [r+ip(L)]

dr, for (z,y) € I
ds

dr, for (z,y) € Is.

Substituting the value of ¢ and ds into expression (23), we have

1 .
3 [= P () + -0 () + i (9n41) (1) = 41y ()]

i tsind r = teos[20 — ()] + £ sin (20 — v(})] B
= 16 in[20—p (L)) 1——5sin®6
= [ ap(r)dr+ an(r)e?e r dr

t ¢ \/7“2 + 12 — 2tr cos [20 — (L)]

5 P~ teosfr 4 (2] £ sinfr-+ ()]
0 i ¢ 1— 13 sin
T / an(r)elfeinla vt Geao

om0 V72 + 12 = 2tr cos [+ (L))

i ! 1= %cos[26—w($)] + %sin [29—1?(%)}%
— 0 _in[20—y(L)] 1-5sin®0
= [ ap(r)dr — an(r)e’e v dr

t tsin 6 \/1+f,—22—2$cos (26 — (L))

% 1+ £ cos[yy()] + L sin [(£)] ——2E—
L + T r r T 17’5—2 sin® @
1" [ an(eten) G0
2 t t
tsin @ \/1+T72+2; COS [w(;)]
R
- / an(r) dr + {[ran(r)] X hn} (1)
t
where .
s\ dr
(g x = [gn ().
0

Now taking the Mellin transform above on both sides and using the properties (1) and (2) of the
Mellin transform, we get

. 1
~M (pns1) + Pn=1)) (8)+iM (qni1) — Gn—1)) () =2 LM%(S + 1) + May(s + 1) Mhy(s)| .

15



Hence we get

—M (pn e -1 IM (@1 — Q- -1
Man(s) = (P( +1) TP 1)) (s—1)+i ((I( +1) — 4( 1)) (s )’ Re(s) > 1.

2 [ﬁ + Mhn(s — 1)}

Following the same analysis, we also obtain the Mellin transform of b,, which is given by

_ M (G + dn-n) (s = 1) = iM (pns) = Pa—p)) (5 — 1)
2 [%1 + Mhy(s — 1)}

Mbn(s) s RG(S) > 1.

This completes the proof of the Theorem 5.2. O

Finally, we conclude this section by taking the inverse of the Mellin transform to get the

following expressions for a,, and by,:

t+T7% .
an(r) = lim — / s M Py FP0op) (52D + M (G =) (521 o)
n - B
Tooo2mi J 2 [s% + Mhy(s — 1)}
and
t+T1

M Gty + 1)) (s = 1) —iM (pins1) — Pr—1)) (s — 1)

2 [ﬁ + My (s — 1)} o (20
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which completes the proof of Theorem 3.2.

6 Conclusions and future directions

In this paper, we studied the inversion of a set of generalized V-line transforms in a circular
geometry. More specifically, we show that a compactly supported vector field can be reconstructed
uniquely from a combination of its longitudinal and transverse ray transforms. This work has a
flavor similar to a recent work [6] in a completely different geometric setting and can be thought
of as an extension of |1, 8] for vector fields. Some further questions to address related to this

problem are as follows:

e It will be very nice to have a numerical implementation of inversion formulas derived in this
work. The numerical implementation is difficult and challenging (especially for the Fourier
approach). Further, the stability analysis and study of artifacts is also of great interest.

We plan to work on these questions and report the outcomes in a future publication.
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e The study of these generalized V-line transforms highly depends on the geometry we are
working in. Therefore, seeing similar works in a different geometric setting will be good.
Further, studying these problems for higher-order tensor fields is also a good direction to

consider. The authors plan to address some of these questions in their future works.
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